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Thermopower in the Coulomb blockade regime
for Laughlin quantum dots
Lachezar S. Georgiev
Abstract Using the conformal field theory partition function of a Coulomb-
blockaded quantum dot, constructed by two quantum point contacts in a Laugh-
lin quantum Hall bar, we derive the finite-temperature thermodynamic expression
for the thermopower in the linear-response regime. The low-temperature results for
the thermopower are compared to those for the conductance and their capability to
reveal the structure of the single-electron spectrum in the quantum dot is analyzed.
1 What are Quantum Dots and why study them?
Quantum dots (QD) are mesoscopic conducting islands of two-dimensional (incom-
pressible) electron gas constructed on the metal-oxide-semiconductor interface in a
typical field-effect transistor [1, 2]. The semiconductor bar contains a small number
of bulk charge carriers (electrons or holes) which are pushed out to an overlaying
oxide insulator layer by means of electric field perpendicular to the interface sur-
face, creating in this way a two-dimensional film of strongly correlated electrons
with a finite geometry realized by a confining potential. Under appropriate condi-
tions (low temperature, high perpendicular magnetic fields in a high-mobility semi-
conductor samples) the strongly correlated electron gas can be found to be in the
quantum Hall regime (integer or fractional) and for simplicity we will think of it as
a two-dimensional droplet of quantum Hall liquid with disk shape whose dynamics
is concentrated on the one-dimensional edge which is a circle.
The QDs have a number of interesting properties and are essential part of the
so called Single-electron transistors (SET) which explains why they have been the
subject of intense research in recent years. Because of the small size of the QDs
(typical circumference of several µm) and its isolation form the rest of the system
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(only small tunneling is considered), QDs are almost closed quantum systems with a
discrete energy spectrum at very low temperatures, which make them similar to large
artificial atoms in which one can investigate both fundamental concepts of quantum
theory and important application aspects of nanoelectronics as well as transcend
the cutting-edge research-and-development perspectives for the implementation of
quantum computers and quantum information processing.
The incompressible fractional quantum Hall liquids have been successfully de-
scribed by two-dimensional rational conformal field theories [3] (CFT) governing
the dynamics of their edge excitations [4]. In this contribution we will show how
one can use the CFT for QDs, realized inside of quantum Hall bar corresponding to
the νH = 1/m Laughlin state, to calculate observable thermodynamic characteristics
of the QDs, such as the tunneling conductance and thermopower.
2 Quantum dots and Single-electron transistors
When a QD is equipped with drain and source gates, as shown on Fig. 1, by applying
Side gate
QPC
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FQH liquid
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Quantum
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Drain Source
Fig. 1 Single-electron transistor realized by two quantum-point contacts (QPC1 and QPC2) in-
side of νH = 1/m Laughlin FQH state. The arrows show the direction of the propagation of the
edge modes. Only electrons can tunnel between the left and right FQH liquids and the QD under
appropriate conditions.
a drain-source voltage one could in principle transfer electrons from the left FQH
liquid to the QD and then to the right FQH liquid. However, a tunneling electron
from left to the QD must overcome the Coulomb charging energy e2/2C, associated
with adding one extra electron to the QD, where C is the total capacitance of the
QD. When the QD is small so is C and this Coulomb charging energy could be
large, so that at low temperature kBT ≪ e2/C and small bias the electron transfer is
blocked. This is called the Coulomb blockade [2, 1, 5]. Because we are interested
in the small-bias regime, which can be treated by linear response, one way to lift
the Coulomb blockade at small bias is to add a third electrode called the Side gate,
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see Fig. 1. Then, by changing the gate voltage Vg one can shift the discrete energy
levels of the QD, still in the linear response regime, to align them with the Fermi
levels of the left and right FQH liquids and when this happens one electron can
tunnel from left to the right through the QD. Since the electrons tunnel one-by-one
with the variation of Vg this three-gate QD construction is called a Single-electron
transistor, see Fig. 1 for its scheme.
The QD in the SET is an almost closed quantum system of size from 0.1 µm to
1 µm with discrete single-electron energy levels of typical spacing ∆ε = h¯2pivF/L,
where vF is the Fermi velocity of the edge mode and L is the circumference of the
edge circle. Only small tunneling is allowed between the leads and the QD, i.e., the
tunneling conductances for QPC1 and QPC2 are much smaller than the conductance
quantum: GL/R ≪ e2/h, which guarantees that the single-particle energy levels in
the QD remain discrete. At low temperature the number of electrons on the QD is
quantized to be integer and can be computed as a derivative of the thermodynamic
density of states with respect to the chemical potential - here we can use the RCFT
partition function as a thermodynamical Grand potential. Thus the QDs are very
similar to large artificial atoms - almost 1000 times bigger than the average atoms,
they are highly tunable, yet still purely quantum systems! For example, one mag-
netic flux quantum in an atom requires magnetic field of the order of 106 T, while for
QDs the corresponding field is of order of 1 T [1]. This makes QDs very convenient
for verification of fundamental concepts of quantum theory as well as for quantum
computation and information processing.
For small QD and small bias the charging effects leading to the Coulomb block-
ade become important at low T such that kBT ≪ e2/C. The variation of the side gate
voltage Vg induces external electric charge on the QD and creates charge imbalance
between the QD and the side gate which changes continuously the single-particle
energies of the QD lifting in this way the CB [1, 5].
Changing adiabatically the side gate voltage Vg at small-bias tunneling, between
the left- and right- FQH liquids and the QD, results in a precise QD level spec-
troscopy which can be treated analytically in the linear response regime under the
following conditions:
• low temperature kBT ≪ e2/C
• low bias V ≪ e/C
• low QPC conductances GL,R ≪ e2/h
Under these conditions the sequential tunneling of electrons one-by-one is domi-
nating the cotunneling, which is a higher-order process associated with almost si-
multaneous virtual tunneling of pairs of electrons [2], that will not be considered
here.
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3 QD conductance–CFT spectroscopy
The tunneling conductance of the QD in the linear response regime can be computed
at low temperature from the Grand canonical partition function [6]
Zdisk(τ,ζ ) = trHedge e−β (HCFT−µNel) = trHedge e2pi iτ(L0−c/24)e2pi iζJ0 , (1)
which describes the dynamics of the edge in terms of CFT assuming that the bulk
of the QD is inert. In Eq. (1) we have denoted by HCFT = h¯ 2pivFL
(
L0− c24
)
the edge
states’ Hamiltonian, by Nel = −√νHJ0 the electron number operator on the edge,
L0 is the zero mode of the Virasoro stress-tensor [3], J0 is the normalized zero mode
of the û(1) current algebra [3, 7] and νH denotes the FQH filling factor. The trace
in Eq. (1) is taken over the edge-states’ Hilbert space Hedge whose structure might
depend on the presence of quasiparticles in the bulk of the QD [7].
The modular parameters [3] of the rational CFT are related to the temperature T
and chemical potential µ of the QD
τ = ipi
T0
T
, T0 =
h¯vF
pikBL
, ζ = i 1
2pikBT
µ . (2)
The disk CFT partition function for the Grand canonical ensemble in presence of
AB flux φ can be expressed in a compact way by shifting the chemical potential [8]
ζ → ζ +φτ, Zφdisk(τ,ζ ) def= trHedge e−β (HCFT(φ)−µNimb(φ)) ≡ Zdisk(τ,ζ +φτ), (3)
where Nimb(φ) = Nel− νHφ is the particle imbalance due to the gate voltage, see
the explanations after Eq. (12) below; what we will need here is the last expression
in Eq. (3). The thermodynamic Grand potential on the edge is expressed in terms of
the partition function as usual
Ωφ (T,µ) =−kBT lnZφdisk(τ,ζ ). (4)
The edge conductance has been shown to be proportional to the derivative of the
thermodynamic density of states with respect to the chemical potential [6], i.e.
Gis(φ) = e
2
h
(
νH +
1
2pi2
(
T
T0
) ∂ 2
∂φ2 lnZφ (T,0)
)
. (5)
The conductance for the ν = 1/3 Laughlin QD, computed by Eq. (5) from the
partition function (6) given in the next section with l = 0 at temperature T = T0,
shows vast regions in which it is zero (CB valleys) and sharp peaks at values φi =
3/2+ 3i, i = 0,±1,±2, . . . as shown in Fig. 2.
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4 The Laughlin QD partition function
The grand partition function for the edge of a QD in the νH = 1/m Laughlin FQH
state can be written as
Kl(τ,ζ ;m) = CZη(τ)
∞
∑
n=−∞
q
m
2 (n+
l
m )
2
e2pi iζ(n+ lm ), (6)
where q = e−β ∆ε = e2pi iτ with β = (kBT )−1 and ∆ε = h¯ 2pivFL . The index of the K-
function l = −(m− 1)/2, . . . ,(m− 1)/2 (m must be an odd integer) corresponds to
a Hilbert space Hl with quasiparticles in the bulk [7] with electric charge l/m. The
Dedekind function η and the Cappelli–Zemba factor [4] are
η(τ) = q1/24
∞
∏
n=1
(1− qn), CZ = e−piνH (Imζ )
2
Imτ ,
however, for our purposes they would be unimportant since we would set ζ = 0 at
the end [8, 6].
5 Thermopower: a finer spectroscopic tool
The thermopower S, known also as the Seebeck coefficient, is the potential differ-
ence V between the leads of the SET when the two leads are at different temper-
ature TR and TL, assuming that the difference is small ∆T = TR− TL ≪ TL, under
the condition that the current I between the leads is zero [2] . Usually thermopower
is expressed as the ratio of the thermal conductance GT and electric conductance
G, i.e., S = GT/G, however, this expression is not appropriate for SETs because
G = 0 = GT , while their ratio is finite, in vast intervals of flux (in the CB valleys),
see Fig. 2. Fortunately, there is an alternative expression in terms of the average
energy 〈ε〉 of the electrons tunneling through the QD [2]
S≡ − lim
∆T→0
V
∆T
∣∣∣∣
I=0
=−〈ε〉
eT
.
where T = TL +∆T/2 is the temperature of the QD.
The average tunneling energy could be computed thermodynamically using as
thermodynamical potential the rational CFT partition function for the FQH edge of
the QD. To this end we notice that due to energy conservation in single-electron
tunneling the average tunneling energy is simply the difference between the total
thermodynamic average energy of the QD with N + 1 and N electrons at the same
temperature T and AB flux φ (respectively, gate voltage Vg) divided by the differ-
ence in the electron numbers of the QD as a function of φ
6 Lachezar S. Georgiev
〈ε〉φβ ,µN =
Eβ ,µN+1QD (φ)−Eβ ,µNQD (φ)
Nβ ,µN+1QD (φ)−Nβ ,µNQD (φ)
. (7)
Because we are working within the Grand canonical ensemble, the total energy of
the QD with N electrons requires the chemical potential µN to be determined. It
is defined as the chemical potential for which the average of the particle number
operator is equal to the number N at zero gate voltage (AB flux)
νH
( µN
∆ε +φ
)
− ∂Ωφ (β ,µN)∂φ = N. (8)
The total energy of an N-electron QD within the Constant Interaction model [1] is
Eβ ,µNQD (φ) =
N0∑
i=1
Ei(B)+ 〈HCFT(φ)〉β ,µN +U(N), (9)
where N0 is the number of electrons in the bulk of the QD and N −N0 = Nel is
the number of electrons on the edge, Ei(B), i = 1, . . . ,N0, are the energies of the
occupied single-electron states in the bulk of the QD, the expectation value 〈· · ·〉β ,µ
is the Grand canonical average of the Hamiltonian HCFT on the edge, and U(N) is
the (B-independent) electrostatic energy of the QD, including the contribution due
to the gate voltage Vg is (see Eq. (1) in [1])
U(N) =
[e(N−N0)−CgVg]2
2C
, (10)
where N = N0 for Vg = 0. The total capacitance C = Cg +C1 +C2, where Cg is
the capacitance of the side gate, C1 and C2 are the capacitances of the two QPCs,
is assumed independent of N and this assumption a characteristic for the Constant
Interaction model [1]. Within this model the energies Ei depend on the magnetic
field B and on the gate voltage Vg, but not on N [5]. In the case of a FQH island
we know that the variation of Vg modifies also the single-electron energies on the
edge [9, 10, 11, 6] due to a variation of the CB island’s area A, producing a variation
of the AB flux φ . Because the variation of the gate voltage Vg induces (continu-
ously varying) “external charge” eNg =CgVg on the edge, it is equivalent to the AB
flux-induced variation of the particle number Nφ = νHφ , so that we can take into
account the subtler effects of the gate voltage on the edge energies 〈HCFT(φ)〉β ,µN
by introducing AB flux φ determined from 1
CgVg
e
≡ νHφ , φ = eh (A−A0)B, (11)
1 for a one-dimensional circular edge all thermodynamic quantities depend on the magnetic flux
not on the magnetic filed itself. Thus, the flux of the constant B has the same effect on the partition
function as the singular AB flux, which is however, easier to take into account analytically [8].
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where A0 is the area of the CB island at Vg = 0. Therefore, when we speak about
Coulomb blockade caused by a variation of the AB flux φ we actually mean a vari-
ation of the gate voltage Vg determined from (11). It is worth stressing that the
electron number Nel on the QD is quantized to be integer, while “particle number
imbalance” Nimb = (N−N0)−CgVg/e, between the QD and the side gate, changes
continuously when the gate voltage Vg is varied [1, 5]. It is also interesting to men-
tion that according to (11) the AB flux distance between two neighboring CB peaks
is ∆φ = ν−1H because then ∆Nφ = 1 so that an entire additional electron can be trans-
ferred through the QD. It corresponds to gate voltage periodicity between CB peaks
equal to e∆Vg = (1/αg)(e2/C), where αg =Cg/C is called the gate’s lever arm [1].
Using the AB flux instead of the gate voltage like in Eq. (11) is convenient be-
cause the flux can be interpreted mathematically as a continuous twisting of the
û(1) charge of the underlying chiral algebra [8, 3], which is technically similar to
the rational (orbifold) twisting of û(1) current [12], i.e., its zero mode is modified
by
J0 → piβ (J0) = J0−β with β =−√νHφ . (12)
Then the average of the twisted electric û(1) current piβ (Jel0 ) ≡
√
νHpiβ (J0) is
proportional to the thermodynamic derivative of the Grand potential ∂Ωφ/∂φ =
〈piφ (Jel0 )〉 whose physical meaning is the electrostatic charge imbalance between the
CB island and the gate arising due to the gate voltage. The untwisted û(1) charge,
which is proportional to the electron number on the edge Jel0 =
√
νH J0 = −Nel, is
according to (12) 〈Jel0 〉 = 〈piφ (Jel0 )〉 − νHφ and this is equivalent to the following
Grand canonical thermal average of the electron particle number on the edge, which
is illustrated in Fig. 2 for the νH = 1/3 Laughlin state without quasiparticles in the
bulk
〈Nel(φ)〉β ,µN = −
∂Ωφ (β ,µN)
∂φ +νHφ +νH
( µN
∆ε
)
= νH
(
φ + µN∆ε
)
+
1
2pi2
(
T
T0
) ∂
∂φ lnZφ (T,µN) (13)
6 Average tunneling energy
Taking into account Eqs. (7) and (9), and neglecting the electrostatic energy U(N)
for large CB islands as in Ref. [13], we can compute the thermodynamic average
energy of a single electron tunneling to the QD with N electrons by
〈ε〉φβ ,µN =
〈HCFT(φ)〉β ,µN+1 −〈HCFT(φ)〉β ,µN
〈Nel(φ)〉β ,µN+1 −〈Nel(φ)〉β ,µN
. (14)
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Fig. 2 Electron number average Nel on the edge and Coulomb blockade conductance Gis for the
νH = 1/3 Laughlin island without bulk quasiparticles as a function of the gate voltage at tempera-
ture T = T0.
Notice that the first term in the r.h.s of Eq. (9) cancels, while the electrostatic energy
U(N) is subleading for large CB islands, which are of experimental interest [14, 13],
and is omitted.
The average of the edge Hamiltonian is computed according to the standard for-
mula for the Grand canonical ensemble [15]
〈HCFT(φ)〉β ,µN = Ωφ (T,µN)−T
∂Ωφ (T,µN)
∂T − µN
∂Ωφ (T,µN)
∂ µ (15)
where Ωφ (T,µN) is the Grand potential in presence of AB flux φ defined in (4).
Introducing the AB flux φ and chemical potential µ into the partition function (6)
according to (3) and moving the φ and µ dependence into the index l of (6), see
[8, 6], we obtain (a factor independent of µ and φ is omitted)
Zφ (T,µ) = K µ
∆ε +φ (τ,0;m) ∝
∞
∑
n=−∞
q
m
2
(
n+
µ/∆ε+φ
m
)2
. (16)
The partition function (16) has a remarkable symmetry – adding one electron to the
ground state, which is equivalent to increasing the flux by m, does not change it, i.e.,
Zφ (T,µGSN+1) = Zφ+m(T,µGSN ) = Zφ (T,µGSN ), implying Ωφ (T,µGSN+1) = Ωφ (T,µGSN )
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and
∂Ωφ (T,µGSN+1)
∂T =
∂Ωφ (T,µGSN )
∂T ,
∂Ωφ (T,µGSN+1)
∂ µ =
∂Ωφ (T,µGSN )
∂ µ . (17)
Using the symmetry (17) we can find the difference between the ground-states
chemical potentials of the QD with N and N + 1 electrons. Indeed, writing Eq. (8)
for N and N + 1 electrons
νH
(µGSN
∆ε +φ
)
− ∂Ωφ (β ,µ
GS
N )
∂φ = N
νH
(
µGSN+1
∆ε +φ
)
− ∂Ωφ (β ,µ
GS
N+1)
∂φ = N + 1
and subtracting them we obtain µGSN+1− µGSN = m∆ε . This means that the chemical
potentials µGSN and µGSN+1 cannot be both set to 0. Adjusting the chemical potential
for φ = 0 to be in the middle between µGSN and µGSN+1 (center of the CB valley), i.e.,
assuming we obtain
µGSN =−
m
2
∆ε, µGSN+1 =
m
2
∆ε.
These values of the chemical potentials determine the ground-state energies of the
CB island with N and N + 1 electrons and their difference gives the addition en-
ergy characterizing the energy spacing of the CB conductance peaks. However, for
the calculation of the average tunneling energy (14) we need to find the difference
between the energies of the N-th occupied single-particle state in the QD and the
next available one, which is not the ground state with N + 1 electrons. Instead, the
next available single-particle state can be obtained from the last occupied state by
increasing adiabatically the AB flux threading the edge by exactly one flux quan-
tum. This is equivalent to increasing µ/∆ε by 1 so that the difference between the
two chemical potentials is µN+1−µN = ∆ε . Therefore, choosing again a symmetric
setup so that µN + µN+1 = 0, we obtain
µN =−∆ε2 , µN+1 =
∆ε
2
. (18)
Next, we can compute numerically the two edge energy averages (15) for a νH = 1/3
QD with N and N + 1 electrons with chemical potentials (18). The plot of the ther-
mopower for T/T0 = 1 and T/T0 = 1.5 and the conductance at T/T0 = 1 are given
in Fig. 3. The plot of the thermopower has a sawtooth shape like that in metallic
CB islands [2]. Also it is interesting to note that thermopower vanishes at the con-
ductance peaks position in the same way as it does for metallic islands, expressing
the fact that the energy difference between the QD with N and N + 1 electrons is
zero at the maximum of the conductance peak. In the middle of the CB valleys the
thermopower has sharp jumps (discontinuous at T = 0), expressing the particle-hole
symmetry in the centers of the valleys [2].
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Fig. 3 Thermopower of the νH = 1/m Laughlin state with m = 3 at temperatures T = T0 and
T = 1.5T0. The conductance at T = T0 is also shown on the right vertical scale.
7 Conclusion and perspectives
We have shown that the Constant Interaction model works fine for the Laughlin CB
islands. Thermopower is non-zero in the CB valleys while the electric and thermal
conductances are both zero. The period of the thermopower is ∆φ = m and its zeros
correspond to the conductance peaks. Thermopower appears to be more sensitive to
the neutral modes in the FQH liquid than the tunneling conductance which explains
why it is considered a finer spectroscopic tool. This could make thermopower an
appropriate observable, which could distinguish between different FQH states with
similar CB conductance patterns [16], and therefore it would be interesting to apply
this approach to FQH QDs with filling factors νH = nH/dH for nH ≥ 2, especially for
non-Abelian FQH states. The sensitivity of the thermopower depends, however, on
the relative sizes of the Coulomb charging energy and single-particle energies of the
QD, which depend on the size and quality of the CB island. The experimental real-
ization of CB islands in the fractional quantum Hall regime is challenging, however
efforts have been made to measure the thermoelectric properties of such systems
[13]. For example, in a recent experiment these properties have been investigated
for the νH = 2/3 FQH state [14, 13] which is similar to the νH = 1/3 Laughlin state
but is expected to have a more complicated structure related to neutral modes.
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